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Abstract
In this paper a metrisation theorem for a modification of Ul’janov’s construction of topological
spaces is obtained. Some basic examples of spaces constructed by this technique are given including
one that can be interpreted as a topological graph.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The general resolution considered in this article refers to a modification of Ul’janov’s
construction of topological spaces [5]. The modification involves resolving over arbitrary
subsets of a topological space X instead of clopen subsets relative to open subsets of that
space. This modification, due to an idea of Stephen Watson, leads to a simplification and
naturally generalises special resolutions [6].
Resolutions “reveal” greater complexity and structure. Resolving a sphere, for example,
becomes a sphere whose “points” are really “microscopic” copies of Tychonoff products
of other topological spaces. This process can be iterated and at each stage, limit or finite,
topological properties can be “destroyed” or “created” or preserved.
Definition 1. Let X be a topological space. Let {Aα: α ∈ I } be a list of subsets of X for
some index set I . Let {Yα : α ∈ I } be a collection of topological spaces and {fα : α ∈ I } be
a collection of continuous maps where fα :X \Aα → Yα for every α ∈ I .
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Define Z =⋃x∈X{x}× Yx , Yx =∏α∈Ix Yα where Ix = {α ∈ I : x ∈Aα}. If Ix is empty,
we take Yx to be a singleton. Let z = (x, g) where g ∈ Yx . Define projections π :Z→ X
by π(x,g)= x and for every α ∈ I define σα :Z→ Yα by
σα(x, g) =
{
g(α) if x ∈Aα ,
fα(x) if x /∈Aα .
Let U ⊆ X be any open set. Let J be a finite subset of I and Vα ⊆ Yα be open sets for
all α ∈ J . Define a typical basic open set as
U ⊗J VJ = π−1(U)∩
⋂
α∈J
σ−1α (Vα),
where VJ just encodes all Vα, α ∈ J . Sometimes we will also write U ⊗J {Vi : i =
i(α), α ∈ J }, i.e., the index depends on α ∈ J . The topology generated by the collection
of these basic open sets (see Lemma 2) on the set Z is called a general resolution.
Conventions. Conventions used throughout this paper are:
(1) X is always a non-empty T1 topological space,
(2) {x} × Yx is identified with Yx ,
(3) X is referred to as a “base” space and Yx as a “fibre”,
(4) “resolve X” means apply the process in Definition 1 to X,
(5) a “resolution” or “Z” is the topological space one obtains after applying the above
process to X.
Useful Facts. Extensive use is made throughout this paper of the following observations:
(1) the topology on {x} × Yx as a subspace of Z is the same as the topology on Yx via
a natural embedding,
(2) {x} × Yx is a closed subspace of Z,
(3) π and σα are continuous since σ−1α (Wα)=X⊗{α}W{α}, π−1(U)= U ⊗J YJ .
Lemma 2. The collection of sets of the form U ⊗J VJ form a base for a topology on the
set Z.
Proof. We now verify that we have a base as claimed in Definition 1. Firstly Z =X⊗ V
so the collection of sets covers Z. The collection is also closed under finite intersections.
Indeed, given U ⊗J VJ and U ′ ⊗J ′ VJ ′ , let U˜ =U ∩U ′ and
V˜α =

Vα ∩ V ′α if α ∈ J ∩ J ′,
Vα if α ∈ J \ J ′,
V ′α if α ∈ J ′ \ J .
Then
(U ⊗J VJ )∩
(
U ′ ⊗J ′ V ′J ′
)
= π−1(U)∩
⋂
α∈J
σ−1α (Vα) ∩ π−1
(
U ′
)∩ ⋂
α∈J ′
σ−1α
(
V ′α
)
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= π−1(U˜)∩ ⋂
α∈J \J ′
σ−1α (Vα)∩
⋂
α∈J ′\J
σ−1α
(
V ′α
)∩ ⋂
α∈J∩J ′
σ−1α (Vα)∩ σ−1α
(
V ′α
)
= π−1(U˜)∩ ⋂
α∈J∪J ′
σ−1α
(
V˜α
)= U˜ ⊗J∪J ′ V˜J∪J ′. ✷
1.1. Special versions
(1) Let πx,J :Yx →∏α∈J Yα be a projection. Let V˜ = π−1x,J (∏α∈J Vα), where each Vα
is an open subset in Yα . Then we could equivalently express U ⊗J VJ as⋃
x∈U∩⋃α∈J Aα
({x} × V˜ )∪⋃{{x ′} × Yx ′ : x ′ ∈ U ∩⋂
α∈J
f−1α (Vα)
}
(2) If {Aα: α ∈ I } partitions X, let Z′ =⋃α∈I Aα × Yα . Then U ⊗J VJ in the above
special version becomes U ⊗{α} V{α} and equals(
(U ∩Aα)× Vα
)∪ ⋃
β∈I\{α}
{{x ′} × Yβ : x ′ ∈U ∩Aβ ∩ f−1α (Vα)}
(a) If the partition {Aα: α ∈ I } of X consists only of singletons then the basic open
set based on x , rewritten as U ⊗ V , becomes({x} × V )∪⋃{{x ′} × Yx ′ : x ′ ∈U ∩ f−1x (V )}.
In special version (2) we really are resolving at Aα , for the basic open set in Z′ we obtain
is independent of which x ∈ U ∩Aα we choose. Similar comments apply for U ∩⋂α∈J Aα
in version (1). Version (2)(i) is called a special resolution (see [6] and [4]).
To obtain Ul’janov resolutions from Definition 1 we use the continuous partial functions
fα Oα :Oα \Aα → Yα , where Oα are open in X and Aα are closed in the corresponding
Oα , and we restrict the domain of σα to π−1(Oα).
Ul’janov’s proof of Lemma 3 for his resolutions is still true for the modified version
without any changes to the proof, provided each Aα is closed in X.
Lemma 3 [5, Lemma 1]. Assume {Aα: α ∈ I } is a list of closed subsets of X. Then the
collection of sets of the form U ⊗J VJ where J ⊆ Iπ(z) is a finite set, U and Vα, α ∈ J ,
are elements of a fixed local base at points π(z) and σα(z) in the spaces X and Yα, α ∈ J ,
respectively, form a local base at an arbitrary point z ∈Z.
Proof. For any z ∈ Z, let U ′ ⊗J ′ V ′J ′ be a basic open set containing z, where J is a
finite subset of I . Thus, π(z) ∈ U ′ and σα(z) ∈ V ′α for every α ∈ J ′. We will find a
U ⊗J VJ such that z ∈ U ⊗J VJ ⊂ U ′ ⊗J ′ V ′J ′ , where J ′ is a finite subset of Iπ(z). Let
J = J ′ ∩ Iπ(z). Let α ∈ J ′ \ J . Then α /∈ Iπ(z) so π(z) /∈ Aα . Also, σα(z) ∈ V ′α , so we
must have π(z) ∈ f−1α (V ′α) (by definition of σα) for every α ∈ J ′ \ J . Take U such that
π(z) ∈ U ⊂U ′ ∩⋂α∈J ′\J f−1α (Vα) (an open set in X if Aα is a closed subset of X). Also,
for every α ∈ J , there exists a Vα , an element of the local basis at σα(z), such that Vα ⊆ V ′α .
So z ∈U ⊗J VJ ⊂U ′ ⊗J ′ V ′J ′ . ✷
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The use of Lemma 3, and hence the requirement that each Aα be closed, can be removed
from Ul’janov’s proof of Theorem 4.
Theorem 4. The properties Ti for i  2, Tychonoff and compactness are preserved by
general resolutions.
Proof. The proof that Z is Tychonoff follows immediately from [5, Lemma 2]. Let F
be an arbitrary closed set and let z ∈ Z \ F . Choose any open set U ⊗J VJ such that
z ∈ U ⊗J Vα ⊆ Z \ F . Choose any finite set J ⊆ I and any open set U ⊗J VJ such that
z ∈ U ⊗J VJ ⊆ Z \ F . If X and every Yα are Tychonoff then there are r :X→ [0,1] and
rα :Yα → [0,1] such that r(π(z)) = 0, X \ U ⊆ r−1(1), rα(σα(z)) = 0 and Yα \ Vα ⊆
r−1α (1) for every α ∈ J . Define a function s :Z→[0,1] by
s(z)=max(r(π(z)), rα(σα(z)): α ∈ J ).
Map s is continuous, s(z)= 0 and F ⊆ s−1(1) since projections π and σα are continuous.
To see that F ⊆ s−1(1) it suffices to show that Z \ U ⊗J Vα ⊆ s−1(1). So take any
z′ /∈ U ⊗J Vα . Either π(z′) /∈ U , in which case r(π(z′))= 1, or π(z′) ∈ U but there exists
a β ∈ J such that σβ(z′) /∈ Vβ in which case, rβ(σβ(z′))= 1. Either way, s(z′)= 1.
Compactness follows from [5, Theorem 1]. If each space Yα is compact then for any
x ∈ X so is π−1(x) =∏α∈Ix Yα . As compactness is preserved under the inverse image
of perfect maps [1, Theorem 3.7.2], the required result follows if X is compact. So
we just show that π :Z → X is perfect. Projection π is continuous so it remains to
check that π is closed. For this it suffices to show that for every open V in Z the set
π#V = {x ∈X: π−1(x)⊂ V } is open in X.
Choose any x ∈ π#V . Every z = (x, g) ∈ {x} × Yx has a neighbourhood Vz = Uzx ⊗Jz
WJz ⊆ V . As the union of these sets covers the compact {x}×Yx , there is a finite subcover
{Vz1, . . . , Vzn}, where zi = (x, gi). Let J+ =
⋃n
i=1 Jzi ∩ Ix (so J+ ∈ [Ix]<ℵ0 ) and let
πx,J+ :Yx →
∏
α∈J+ Yα denote the projection onto
∏
α∈J+ Yα . Let σJ+ =∆α∈J+σα :Z→∏
α∈J+ Yα , where ∆α∈J+ denotes the diagonal product. Let Vi = πx,J+(Yx ∩ Vzi ) ⊂∏
α∈J+ Yα . Then π
−1
x,J+(Vi)⊇ Yx ∩Vzi . So σJ+  Yx = πx,J+ . Thus π−1(Uzix )∩σ−1J+ (Vi)=
Vzi for every i = 1, . . . , n follows immediately from
Claim. For every i  n,
⋂
α∈Jzi σ
−1
α (Wα)= σ−1J+ (Vi).
Fix i  n. Let z ∈⋂α∈Jzi σ−1α (Wα). Then σα(z) ∈Wα for every α ∈ Jzi . So
∆α∈J+σα(z) ∈ πx,J+
(
Yx ∩
⋂
α∈Jzi
σ−1α (Wα)
)
= πx,J+
(
Yx ∩ π−1
(
Uzix
)∩ ⋂
α∈Jzi
σ−1α (Wα)
)
= πx,J+(Yx ∩ Vzi )= Vi.
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Therefore z ∈ σ−1
J+ (Vi) for every i  n and so we get
⋂
α∈Jzi σ
−1
α (Wα)⊆ σ−1J+ (Vi). Run
the above argument backwards to get the reverse inclusion and therefore the claim.
n⋃
i=1
Vzi =
n⋃
i=1
(
π−1
(
Uzix
)∩ σ−1
J+ (Vi)
)⊇( n⋃
i=1
σ−1
J+ (Vi)
)
∩
(
n⋂
i=1
π−1
(
Uzix
))
= σ−1
J+
(
n⋃
i=1
Vi
)
∩ π−1
(
n⋂
i=1
Uzix
)
= σ−1
J+
( ∏
α∈J+
Yα
)
∩ π−1
(
n⋂
i=1
Uzix
)
= Z ∩ π−1
(
n⋂
i=1
Uzix
)
= π−1
(
n⋂
i=1
Uzix
)
.
So
⋂n
i=1 U
zi
x ⊂ π#V is an open neighbourhood of x . Thus π is perfect. ✷
Let Λ denote the set
⋃{Aα: α ∈ I, |Yα|> 1}. A subset of a topological space X is called
Fσ -discrete if it can be represented as a union of countably many closed discrete subsets
of X. As noted by Heckmann in [2], there is no generally accepted notation; Fσ -discrete
spaces are also called strongly σ -discrete, and σ -discrete in the literature. Fσ -discrete sets
do not have to be discrete.
2. Metrisabilty
2.1. σ -locally finite families
Proposition 5. Assume X is a metrisable space, Λ is Fσ -discrete in X, and {Aα: α ∈ I,
|Yα| > 1} is a point countable collection of closed subsets of X. Let each Yα have a σ -
locally finite base. Then Z has a σ -locally finite base.
Proof. Let Λ=⋃k∈ω Ck where each Ck is a closed discrete set in X. Fix k ∈ ω. There is a
family of open sets in X such that each member meets only one element of Ck . This family
has a locally finite open refinement Uk , since its union with X \ Ck covers the metrisable
space X. We select Uk such that each member of Uk contains only one element of Ck .
Throw out any redundant members of Uk , so that in addition each member of Ck lies in
only one member of Uk : denote by Vx that member of Uk containing x ∈Ck .
Let X =⋃i∈ωX i be a σ -locally finite base for X and let Yα =⋃i∈ω Y iα be a σ -locally
finite base for Yα for each α ∈ I . For each j ∈ ω and x ∈ Ck let B 1
j+1
(x) be the open ball
centred at x with radius 1
j+1 , and let B(x, j) = Vx ∩ B 1j+1 (x). Since each Y
i
α is locally
finite, the family {σ−1α (Vα): Vα ∈ Y iα} is locally finite, and so for any finite J ⊂ Ix the
family {⋂α∈J σ−1α (Vα): Vα ∈ Y iα} is locally finite.
Let A ∈ [ω]|J |. Define LAJ = {⋂α∈J σ−1α (Vα): Vα ∈ Y iαα , iα ∈A}.
Claim. LAJ is locally finite in Z.
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Let z ∈ Z. For every iα ∈ A choose Wiα ⊂ Yα such that σα(z) ∈ Wiα meets only
finitely many Vα ∈ Y iαα for every α ∈ J . The open set X⊗J Wiα =
⋂
σ−1α (Wiα ) contains
z (since σα(z) ∈ Wiα for every α ∈ J ) and meets only finitely many elements of LAJ .
Suppose
⋂
α∈J σ−1α (Wiα ) ∩
⋂
α∈J σ−1α (Vα) = ∅. Then σα(z) ∈Wiα ∩ Vα for every α ∈ J .
So Wiα ∩ Vα = ∅. But each Wiα meets only finitely many Vα ∈ Y iαα for every iα ∈ A (a
finite set). So ⋂α∈J σ−1α (Wiα ) meets finitely many elements of LAJ .
Also, for a fixed j ∈ ω, the family {π−1(B(x, j)): x ∈ Ck} is locally finite. As {Aα: α ∈
I, |Yα|> 1} is a point countable collection, the set Ix = {α: x ∈Aα} is countable and thus
the set [Ix ]<ℵ0 is countable. Thus, for any arbitrary but fixed i, j, k ∈ ω, J ∈ [Ix]<ℵ0 , and
A ∈ [ω]|J | the collection
LAjkJ = {B(x, j)⊗J {Vα ∈ Y iαα : iα ∈A, α ∈ J }: x ∈Ck}
is locally finite in Z. The family Z ik = {π−1(U \Ck): U ∈ X i} is also locally finite.
Proof that
⋃
(LAjkJ ∪Z ik) is a basis for the general resolution topology. Suppose z ∈ Z.
Let x = π(z). Take any open neighbourhood U ⊗J WJ where π(z) ∈ U,σα(z) ∈Wα for
every α ∈ J ⊆ Ix by Lemma 3 without loss of generality. There are two cases:
(1) x ∈Λ. Thus x ∈Ck for some k ∈ ω. Since X is metrisable there exists a j ∈ ω such
that B 1
j+1
(x)⊂U and hence B(x, j)⊂U . We also have σα(z) ∈Wα ⊂ Yα for every
α ∈ J . Since each Yα has a σ -locally finite base Yα , for every α ∈ J there exists
some i = iα ∈ ω such that σα(z) ∈W ′iα ∈ Y iαα and W ′iα ⊂Wα . Let a = {iα: α ∈ J }.
Then z ∈ B(x, j) ⊗J {W ′iα : α ∈ J } ∈ LajkJ and B(x, j) ⊗J {W ′iα : α ∈ J } ⊂
U ⊗J WJ .
(2) If x /∈Λ then Yx is a singleton so U ⊗J WJ = π−1(U) for any J ⊆ Ix . Choose any
k ∈ ω, and U ′ ∈X i for some i ∈ ω such that x ∈U ′ ⊂U . Then z ∈ π−1(U ′ \Ck) ∈
Z ik . ✷
2.2. Non-metrisable general resolutions
We will apply the Hanai–Morita–Stone theorem to yield a metrisation theorem for
resolutions, after we have defined the concept of boundary and interior for resolutions.
Theorem 6 (Hanai–Morita–Stone). For every closed mapping f :Z→X of a metrisable
space Z onto a space X, the following are equivalent:
(1) The space X is metrisable.
(2) The space X is first countable.
(3) For every x ∈X the set Bd(f−1(x)) is compact.
Definition 7. If a space (X, τ) is resolved at each Aα into a space (Yα, τα) by continuous
mappings fα :X \Aα → Yα , then the boundary of Yx is the set
Bd(Yx)=
{
g ∈ Yx : ∀U ∈ τ, x ∈ U, (x, g) ∈ cl
(
π−1(U \Aα)
)}
.
The set Yx \ Bd(Yx) is called the interior of Yx written as intYx .
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This definition says that for any U ∈ τ, Wα ∈ τα, J ∈ [I ]<ℵ0 such that x ∈ U and
g ∈⋂α∈J π−1x,α(Wα) we have⋂α∈J f−1α (Wα)∩U = ∅.
Given any set B in a metric space let diamB denote the diameter of B .
Proposition 8. A general resolution of a space X is always non-metrisable if Yα is
compact for each α ∈ I , {Aα: α ∈ I } is a point finite collection of closed subsets of X
and Λ is not Fσ -discrete.
Proof. Suppose Z is metrisable; choose a metric d on Z. For each x ∈Λ we choose an
integer nx ∈ ω as follows. Choose distinct z∗, z′ ∈ {x} × Yx and let nx ∈ ω be such that
1
nx
< d(z∗, z′). Define Cn = {x ′ ∈Λ: nx ′ = n} for n ∈ ω. Since Λ is not Fσ -discrete, then
Cn is either not discrete or is not closed for some n ∈ ω. Thus, Cn has an accumulation
point x , i.e., x ∈ clX(Cn).
Since each Yα is compact, the boundary of Yx is compact and π is perfect by the proof
of Theorem 4 and therefore closed, and as Z is metrisable, the space X is metrisable by
the Hanai–Morita–Stone theorem. Thus, there is a sequence 〈xi〉 in Cn which converges to
x . Hence for every open U ⊂ X containing x there exists an integer k such that for every
i  k, xi ∈U .
We arrive at a contradiction in the following way: Find some suitable g ∈ Yx .
As Z is metrisable there exists U ⊗J WJ containing (x, g)—based there—so that
diam(U ⊗J WJ )  1n . Now all we need to do is find a single i and g∗i , g′i ∈ Yxi so
that (a) d((xi, g∗i ), (xi, g′i )) > 1n and (b) (xi, g∗i ), (xi, g′i ) ∈ U ⊗J WJ . As (b) yields
d((xi, g
∗
i ), (xi, g
′
i )) diam(U ⊗J WJ ) 1n we contradict (a).
To find g we consider two cases. Use compactness of {x} × Yx to find Jj ∈ [Ix ]<ℵ0 and
Uj ⊗Jj WJj , based at x such that
(1) diam(Uj ⊗JJ WJj ) 1n for each j = 1, . . . , k, and
(2) {Uj ⊗Jj WJj : j = 1, . . . , k} covers {x} × Yx .
Set U =⋂kj=1 Uj and J =⋃kj=1 Jj . Then U is an open neighbourhood of x in X and
J ∈ [Ix ]<ℵ0 . By throwing away finitely many members of 〈xi〉 if necessary we may assume
that xi ∈ U for every i ∈ ω. Write J = {α1, . . . , αl}. Suppose {α1, . . . , αl} are ordered so
that for every j m, xi /∈Aαj for infinitely many i while for every j >m,xi ∈Aαj for all
but finitely many i . We can throw away finitely many more of 〈xi〉 so that for every j > m
we have xi ∈Aαj for every i ∈ ω.
Consider what is left. Look at 〈fα1(xi)〉, a sequence in Yx which is compact so
sequentially compact. By throwing away terms of 〈xi〉 if necessary we may assume that
〈fα1(xi)〉 converges in Yx . Repeat the process with 〈fα2(xi)〉 then 〈fα3(xi)〉 then, . . . , then
〈fαm(xi)〉.
We now have a sequence 〈xi〉 in X converging to x such that for every j m 〈fαj (xi)〉
converges, say to gαj in Yx while for every i = 1,2, . . . , and for every j > m, xi ∈ Aαj .
Declare g ∈ Yx so that g(αj ) = gαj for every j m and let g(α) be arbitrary when α =
αj (j m). As {Uj ⊗Jj WJj : j  l} covers {x} × Yx it follows that (x, g) ∈ Uj ⊗Jj WJj
for some j .
600 K. Richardson / Topology and its Applications 122 (2002) 593–603
By the way we have desiccated 〈xi〉 it follows that {xi} × Yxi ⊂Uj ⊗Jj WJj for each i .
In particular diam({xi}×Yxi ) < diam(Uj ⊗Jj WJj ) 1n . However by choice of xi we have
two points in {xi} × Yxi which are more than 1n apart. Contradiction! ✷
2.3. Metrisable general resolutions
Proposition 9. Suppose {Aα: α, |Yα|> 1} is a point countable collection of closed subsets
of X, X and each Yα are metrisable spaces and Λ is a Fσ -discrete subset of X. Then Z is
metrisable irrespective of the functions fα .
Proof. The resolution space has a σ -locally finite base by Proposition 5. Ul’janov
claimed [5, Theorem 1] that ifX and each Yα are regular spaces thenZ is regular. Therefore
Z is metrisable by the Nagata–Smirnov Metrisation Theorem [1, Theorem 4.4.7]. ✷
Theorem 10. Suppose {Aα: α ∈ I, |Yα|> 1} is a point finite collection of closed subsets
of a space X and Yα is compact for each x ∈Λ. Then the following are equivalent:
(1) The general resolution space of X is metrisable.
(2) The space X is metrisable, Λ is a Fσ -discrete subset of X and Yα is metrisable for
each x ∈Λ and every α ∈ I .
Proof. (2) ⇒ (1) by Proposition 9. (1) ⇒ (2). Since each {x} × Yx is a closed subspace
of Z, {x}× Yx (and hence Yx ) is metrisable. The set Λ is Fσ -discrete by Proposition 8. By
the proof of Theorem 4, π is perfect and therefore closed. The boundary of π−1(x) in Z
is a subset of compact Yx (since each Yα is compact) and is therefore compact. Thus, the
space X is metrisable by the Hanai–Morita–Stone theorem. ✷
3. Partial products
Definition 11 [3]. Given spaces X and Yα and an open Aα ⊆ X, the partial preproduct
Zpp is the quotient space of the decomposition of the topological product X × Yα whose
elements are
(1) the individual points (x, y)∼ (x ′, y ′)⇔ x = x ′ and y = y ′ when x ∈Aα ,
(2) the sets Fx = {(x, y): y ∈ Yα} when x /∈Aα .
Pull-back
Definition 12. Given some index set I , topological spaces X,Yα and maps gα :Yα → X
for every α ∈ I , define the pull-back PK of the family K = {Yα,gα : α ∈ I } as the
subspace of the Cartesian product
∏
α∈I Yα consisting of precisely the points 〈yα〉 such
that gα(yα)= gβ(yβ) for every α,β ∈ I .
Define λα,K :PK→ Yα as the projection for every α ∈ I . Then gα ◦ λα,K = gβ ◦ λβ,K
for every α,β ∈ I .
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Now consider the natural projection f :PK→X defined by f (z)= (gα ◦ λα,K)(z). We
refer to either PK or its projection f as the pull-back of the family K.
Each gα :Yα → X, in the context of the definition of pull-back, is called a set map
at Aα ⊂X if gα  (Yα \ g−1α (Aα)) is a homeomorphism onto X \Aα .
Definition 13 is an equivalent version of Pasynkov’s definition of a partial topological
product and makes the proof of Theorem 15 trivial.
Definition 13. Given a topological space X let I be some index set. For every α ∈ I let
Yα be a topological space, Aα an open subset of X, and gα : Yα →X a set map such that
there exists a homeomorphism between g−1α (Aα) and Aα × Yα . Denote the pull-back of
this family {Yα,gα: α ∈ I } by Zptp.
Remark 14. The following facts are found in [5] and [6], respectively.
(1) The spaces Zptp and Z coincide when in Definition 1, each Aα is clopen in X.
(2) The spaces Zpp and Zptp coincide when, for every α ∈ I , Yα is compact.
The next theorem is [3, Property 18, p. 195].
Theorem 15. If X and each Yα are metrisable spaces for every α ∈ I , and index set I is
countable, then Zptp is metrisable.
Proof. Every countable Cartesian product of metrisable spaces is metrisable. The space
Zptp as a subspace of a metrisable product is metrisable. ✷
A resolution is non-trivial if for some α ∈ I |Yα|> 1 and trivial, otherwise. It was also
claimed in [5] that partial topological products are a special case of Ul’janov’s resolutions.
This does not appear to be the case with our general resolutions, for partial topological
products give a homeomorphic copy of S2 but obvious non-trivial possible corresponding
constructions for our general resolutions do not.
4. Examples
Example 16 highlights a limitation of metrisation Theorems 15 and 10. Example 17 il-
lustrates that resolutions can obtain Kuratowski topological graphs although the resolution
topology is finer. Both examples are due to Stephen Watson.
Example 16. Let X = cl(B3) and let D ⊂X be the diameter consisting of the intersection
of X with the x axis. Let |I | = 2 and A0 =D and A1 =X \D. Resolve at A0 and A1 into
S
1 by general resolutions. Define f0 :X \ D → S1 by sector maps. More explicitly; for
every (x, y, z) ∈ X \D let f0(x, y, z)= (y, z)p, where p = 1√
y2+z2 and let f1 :D→ S
1
be a constant map.
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Take B3 and replace each point in diameter D with a micropscopic copy of S1. Take
z ∈ Z of Example 16. Let Be(π(z)) ⊂ X denote an open e-ball centred on π(z) and
open V0,V1 ⊂ S1. Consider Be(π(z)) ⊗{i} V{i}, where σi(z) ∈ Vi and i = 0,1. Thus
z ∈Be(π(z))⊗{i} V{i}. Fig. 1 shows typical basic open sets in the Z of Example 16.
For i = 0 and π(z) ∈D, we get the open resolution tubes (see Fig. 1(i)) corresponding
to Be(π(z)) ⊂ X; the particular tube one gets for a given π(z) ∈ D depends on the
corresponding open V0 ⊆ S1 one chooses (the resolution tubes actually drawn correspond
to V0 consisting of three open connected intervals in S1). Every point in the tubular solid
is, in fact, a “microscopic” copy of V0; except for points on the inner cylindrical surfaces
of the tubular shapes—they really are just points. Of course, we could take Be(π(z′))⊂X
such that π(z) ∈ Be(π(z′)), and π(z′) /∈D for some z′ ∈Z, i.e., the e-ball is not positioned
symmetrically along D (off-centre). Nevertheless, the basic open set which we get is just
a slight distortion of the resolution tube illustrated.
For i = 1 and π(z) ∈X \D, we get something that “looks like” Be(π(z)), but each point
in the solid e-ball is really a microscopic copy of V1. This is Be(π(z))⊗{1}V{1} in Fig. 1(ii).
Example 16 is a compact space.
Obviously, Theorem 15 and Theorem 10 do not apply to Example 16 since the sets, A0
and A1, are neither both open nor both closed in X. On the other hand, this resolution is
regular and can be shown to be second countable and therefore metrisable.
Fig. 1. Resolution open neighbourhoods.
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Example 17. Let index set I = {0,1}. Let A0,A1 be non-disjoint, non-empty open subsets
of the unit circle and resolve into the two point discrete space by general resolutions using
constant maps, i.e., Y0 = Y1 = {0,1}.
The resolution graph is in fact , an induced subgraph of K6 , the
complete graph with 6 vertices—but having a finer topology than K6.
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